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ABSTRACT 
Many experiments have found that amorphous materials deform via slip avalanches in the 
plastic regime, which are bursts of plastic flows and show scale free features, as evidenced by 
a power-law probability distribution of the magnitude of serrations in stress-strain curves. 
Mesoscale models of amorphous plasticity, depending on assumptions of the interaction 
between slipped sites, give different predictions of scaling exponents. Atomistic simulation, 
which does not rely on such assumptions, offers an important approach to a profound 
understanding of this phenomenon. In this study, we simulate the quasi-static simple shear 
deformation of 2D amorphous samples with an atomistic approach. Tracking the evolution of 
stress and potential energy with strain, we find that each avalanche event is marked by a 
sudden drop in shear stress and potential energy. The relationship between stress drop and 
energy drop becomes asymptotically linear for increasing avalanche sizes. The probability 
distributions of stress drops follow a power law, with an exponent of 1.16 ± 0.05. Scaling of 
the distributions for different system sizes reveals that the maximum avalanche size and the 
number of events of a given avalanche size scale subextensively with system size, consistent 
with previous studies. Moreover, the spatial extent of avalanches is measured. It is found that 
the occurrence of each avalanche is marked by a sudden localization of deformation. Large 
avalanche events are generally more delocalized than small events, as slips are triggered in 
broader regions. However, the plastic deformation is still subextensive, not extensive, even 
for the largest avalanches.  
iii 
 
ACKNOWLEDGEMENTS 
First and foremost, I would like to express my sincerest gratitude to my adviser, Professor 
Martin Ostoja-Starzewski for all his guidance, encouragement and support throughout my 
graduate study. He is always patient and helpful. His dedication to research and his 
achievements in his career have been motivating me to be more productive in my work.  
 
I also feel very grateful to my co-adviser Professor Karin Dahmen in the Department of 
Physics, for the time she spent talking with me about my research and the invaluable 
feedback from her. She shared with me her extensive knowledge on this topic and her 
inspiring ideas on how to move forward.  
 
I am very thankful to my research group-mates, Sohan Kale, Ankit Saharan, Vinesh 
Nishawala and Jun Zhang for their great help since I joined the group. I learned a lot from the 
discussions with them. I would also like to thank graduate students Avinesh Ojha, Taishan 
Zhu and Dinkar Nandwana from MechSE, and Yonghao Sun from University of Cambridge, 
for promptly answering my questions of various kinds. Without their help, my work would 
not progress as smoothly. I also appreciate the graduate support staff at MechSE, especially 
Kathy Smith for her continuous assistance and kind suggestions during my Master's program. 
 
I sincerely acknowledge the parallel computing resources provided by the Computational 
Science and Engineering Program at the University of Illinois. I appreciate the kind 
assistance offered by the CSE staff whenever I had questions about the Taub cluster. 
 
Last but not least, I cannot thank my parents enough for their constant love and support. 
Without their encouragement and support, I would not be where I am today.  
  
iv 
 
TABLE OF CONTENTS 
CHAPTER 1: INTRODUCTION .......................................................................................... 1 
1.1 Motivation ........................................................................................................... 1 
 Thesis outline ...................................................................................................... 3 1.2
CHAPTER 2: MODEL SETUP ............................................................................................. 4 
 Sample preparation .............................................................................................. 4 2.1
 Athermal quasi-static shear .................................................................................. 5 2.2
 Figures and tables ................................................................................................ 6 2.3
CHAPTER 3: STRESS-STRAIN BEHAVIOR ...................................................................... 8 
 Stress vs. strain relation ....................................................................................... 8 3.1
 Relationship between shear stress and hydrostatic stress ...................................... 9 3.2
 Relationship between shear stress drops and energy drops ................................. 10 3.3
 Figures .............................................................................................................. 13 3.4
CHAPTER 4: PROBABILITY DISTRIBUTION OF AVALANCHE SIZES ....................... 21 
 Scaling of the distributions ................................................................................ 22 4.1
 Figures .............................................................................................................. 25 4.2
CHAPTER 5: SPATIAL EXTENT OF SLIP AVALANCHES .............................................. 30 
 Participation ratios ............................................................................................. 32 5.1
 Relationship between participation ratios and stress drops ................................. 33 5.2
 Effect of system size on participation ratios ....................................................... 34 5.3
 Figures and tables .............................................................................................. 37 5.4
CHAPTER 6: CONCLUSIONS .......................................................................................... 47 
REFERENCES ................................................................................................................... 50 
1 
 
CHAPTER 1 INTRODUCTION 
1.1 Motivation 
Many systems in nature evolve in an intermittent fashion under external forcing [1]. 
Examples include earthquakes [2,3], biological extinction [4], magnetization [1] and fracture 
of porous materials [5,6], to name a few. One common feature of these phenomena is that the 
response of the systems is comprised of discrete events, termed "avalanches" or "bursts", 
which span a wide range of scales [1]. The same behavior is also observed in the plasticity of 
materials, evidenced by acoustic emission signals [7], or serrations in stress-strain curves 
[8,9].  
In crystalline materials, the "bursts" in dislocation motion is the cause of intermittency of 
plastic flows. Most importantly, it is found that the motion of dislocations self-organizes to 
display a power-law probability distribution of avalanches sizes, ܲ(ܣ) = ܣିఛ, where ܣ is 
the magnitude of avalanches. The value of ߬ obtained from experiments on different crystals 
is 1.5~1.6 [10,11,12,7], consistent with the prediction of ߬ = 1.5 from mean field models in 
3D [21,38]. Mesoscale models for crystal plasticity [40] also give similar results.  
The plastic deformation of amorphous materials, however, has very different 
mechanisms. Instead of resorting to clearly defined defects such as dislocations and twins, 
plastic deformations are accommodated by the activation of shear transformation zones 
(STZs), where relative slips between atoms, or jumping of atoms to "vacancies" [13] take 
place. The operation of STZs also gives rise to an intermittent plastic flow. According to the 
mean field theory [38], the same statistics of slip avalanches that apply to crystals, should still 
hold for amorphous plasticity, despite the fundamental difference in deformation mechanisms. 
Experiments by Sun et al. [8] on different types of metallic glasses indeed observed that the 
probability distribution of stress drops in stress-strain curves follow a power-law. The 
exponent ߬ ranges from 1.37 to 1.49, depending on the specific type of metallic glass being 
tested. More accurate and comprehensive measures on metallic glasses have been recently 
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done by Antonaglia et al. [14], with an aim to verify a variety of scaling properties predicted 
by the mean field theory [15]. Excellent agreement was achieved between experimental 
observations and theoretical predictions. In particular, the experiment gives ߬ = 1.51 ± 0.03. 
Another support for the mean field results comes from a spring-lattice-based model recently 
proposed by Kale et al. [16], which gives ߬ = 1.5 ± 0.1 for anti-plane deformations. 
However, some mesoscale models in literature produce different results. A 2D mesoscale 
lattice model raised by Talamali et al. [39] gives ߬ = 1.25 ± 0.05. A later simulation study 
based on the same model gives a slightly different value of ߬ ≈ 1.35 [17]. A recent 
elasto-plastic model proposed by Lin et al. [18] predicts that ߬ = 1.36 for 2D and ߬ = 1.45 
for 3D. The latter is very close to the mean field exponent of 1.5. Therefore, it is also likely 
that the discrepancy between the predictions from [17] and the mean field exponent 1.5 is 
due to the fact that the former is a 2D model, while the latter is actually for 3D.  
Atomistic simulation is an important tool for the study of avalanche behavior in 
amorphous materials, because it does not rely on the assumptions the various models above 
are based on. The dependence of avalanche size on system size is investigated by many 
researchers using atomistic simulation [23,24,37]. Maloney and Lemaître [23] simulated the 
quasi-static shear deformation of a 2D soft particle system. A power-law distribution of 
energy drops during avalanches is observed. But the exponent decreases from 0.7 to 0.5 as 
system size increases. In addition, a linear geometric structure of avalanches is observed, 
which explains their finding that avalanche sizes scale linearly with system width. The 
scaling of avalanche size with system size is also the focus of the 2D study by Lerner et al. 
[24] and the 3D study by Bailey et al. [37], but different scaling exponents were obtained. 
Salerno et al. [35,19] did a comprehensive study of the scaling properties of avalanches in 
amorphous samples. It overcomes the drawback that systems are too small in previous studies. 
Various scaling exponents are obtained and good scaling collapses are achieved. One 
important issue with atomistic simulation is how to simulate quasi-static deformation. In their 
study, the samples are sheared dynamically, but shearing is paused whenever the kinetic 
energy of the system shoots up (a sign of avalanches) and resumed when the kinetic energy is 
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dissipated. Another way of modeling quasi-static shear in literature, which is more common 
and straightforward, is to shear the system stepwisely with each step followed by energy 
minimization [20,23,28,29]. It is necessary to check whether both methods will produce the 
same results. But except [23] mentioned above, we have found no atomistic simulations that 
adopt the second protocol of shearing give a measure of ߬. In addition, the effect of step size 
on the resultant statistics has not been discussed carefully. The study reported in this thesis 
adopts the second method to simulate quasi-static simple shear deformation of amorphous 
samples. Statistics and scaling properties of avalanches are extracted and compared with 
other studies, especially [35], to investigate the effectiveness of the modeling method. 
Simulations on even larger systems and studies of more scaling properties are anticipated in 
the near future.  
  Thesis outline  1.2
The thesis is organized as follows: 
(a) Chapter 2 briefly describes the simulation method, including how amorphous samples are 
prepared and how the simulation is done. 
(b) Chapter 3 can be split into two major parts. The first part shows the stress vs. strain and 
potential energy vs. strain curves. The effects of system size and strain increment are 
discussed. The second part focuses on the relationship between shear stress drops, 
hydrostatic pressure drops and energy drops as avalanches occur.  
(c) Chapter 4 reports the probability distributions of stress drops and energy drops. Scaling of 
distributions is performed and scaling exponents obtained. 
(d) Chapter 5 presents the spatial distributions of slip avalanches. The relationship between 
the spatial extent of avalanches and the magnitude of stress drops are investigated. 
(e) Chapter 6 summarizes the main conclusions and gives directions for future studies. 
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CHAPTER 2 MODEL SETUP 
  Sample preparation 2.1
The samples are 2D, containing two different types of atoms. The ratio of numbers of atom A 
to atom B is 57:43. Interatomic potential is Lennard-Jones 9-6 potential with parameters listed 
in Table 1. 
 ܧ = 4߳ ൤ቀ
ఙ
௥
ቁ
ଽ
− ቀ
ఙ
௥
ቁ
଺
൨ + ܣ, (ݎ < ݎ௖) (1) 
The parameters are chosen such that the potential curve is comparable to that used in [20]. 
According to the mean field theory, the scaling properties of avalanches are universal in 
nature [21,38]. By using a potential different from other studies [22,23,24,35], which 
themselves differ in terms of potentials, we are extending the database of simulation results 
based on which the validity of universality can be tested. Potentials that correspond to real 
amorphous materials may be used in future studies.   
The periodic boundary condition is applied on all sides of the samples throughout the 
simulation. The samples are prepared by the following melt-quench procedure. The 
temperature of the initial random system is first raised to 1,500K (well above the melting 
temperature of the system) and stays there for about 200ps. Nosé-Hoover thermostat and 
barostat are used to control the temperature and pressure. The pressure is controlled to be 
zero. Then the system is quenched to ~50K with a quenching rate of about 2K/ps. After that, 
we equilibrate the system at 10K and then 1K. Finally, potential energy minimization using 
the Polak-Ribiere version of conjugate gradient algorithm is performed to drive the system 
down to 0K and to eliminate the stress components. Square samples containing 2,000, 4,000, 
8,000, 16,000 and 32,000 atoms are prepared. 10 realizations are obtained for each sample 
size by changing the initial random configuration. The side lengths of the samples range from 
125Å to 350Å. A sample containing 2,000 atoms and its pair correlation functions are shown 
in Figure 1. The sample shows an amorphous microstructure, where only short-range order 
exists. The pair correlation functions have a sharp first peak and a split second peak. 
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Higher-order peaks are smeared out very quickly. These features are commonly seen in the 
pair correlation functions of glassy materials [25,26]. It is difficult to compare our pair 
correlation functions quantitatively with those from experiments due to the 2D nature of our 
simulation and the potential used that does not correspond to a real material. But, they are 
fairly comparable with those of the 2D amorphous samples obtained by the atomistic 
simulation in [27]. 
  Athermal quasi-static shear 2.2
We use an athermal quasi-static shearing protocol. The simple shear deformation is applied 
incrementally on the samples, and, after each shear strain increment, the box is held fixed and 
the potential energy is minimized using the aforementioned conjugate gradient algorithm 
before the next strain increment is applied. Since no thermal vibration is considered, the 
model corresponds to a low temperature limit. If the strain increment is small enough, we are 
able to approach the limit of zero strain rates. It was pointed out that many granular materials 
and glassy systems can be considered athermal [28]. This approach has also been widely used 
in the study of metallic glasses at slow strain rates [29,30,31]. The effect of strain increment 
is studied in the rest of the thesis. The samples lie in the x-y plane, and simple shear is 
applied in the positive x direction. The entire simulation is performed using the molecular 
dynamics package LAMMPS [36]. 
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  Figures and tables 2.3
 
(a) 
 
(b) 
Figure 1: A 2,000-atom sample (red circles are atoms of type A and blue are type B) and its pair correlation 
functions. There are three different types of atom pairs: A-A (a pair of two atoms A), A-B (a pair of one atom A 
and one atom B), and B-B (a pair of two atoms B). Each curve in (b) corresponds to one type of atom pairs. The 
pair correlation functions ݃(ݎ) are computed according to the definition in [32]. 
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Table 1: Parameters for the interatomic potential (c.f. Equation (1)). There are two types 
of atoms: A and B. As a result, there are three different types of atom pairs: A-A (a pair 
of two atoms A), A-B (a pair of one atom A and one atom B), and B-B (a pair of two 
atoms B). The parameters in Equation (1) are different for the three different atom pairs, 
as listed in the table. 
Pair ߳ (eV) ߪ൫Å൯ A (eV) ݎ௖(Å) 
A-A 0.45251 2.32493 0.014511 5.112 
A-B 0.59915 2.60136 0.021667 5.600 
B-B 0.75250 2.87048 0.032138 6.000 
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CHAPTER 3 STRESS-STRAIN BEHAVIOR 
  Stress vs. strain relation 3.1
Figure 2 shows an example of the change of stress components and potential energy when the 
samples are sheared. The deformation is initially elastic, and then turns into a plastic regime 
full of serrations, which are signs of slip avalanches. Throughout this study, a "drop" in a 
certain quantity (e.g. hydrostatic pressure, shear stress, potential energy, etc) is considered to 
occur whenever the quantity after a strain increment is lower in value than before the strain 
increment. In Figure 2, each drop in the shear stress is accompanied by a simultaneous 
sudden drop of the potential energy of the system, suggesting the energy is dissipated during 
slip avalanches. The shear stress reaches a plateau soon after the elastic-plastic transition with 
no strain hardening. All the following analyses of slip events are confined to strains greater 
than 15%. Though the potential energy is still increasing slowly at a 15% strain, we have 
found that the statistics studied below are insensitive to the strain interval selected as long as 
we are in the plastic regime. No fracture was observed in the sample when the strain reached 
60%, which is probably due to the periodic boundary conditions. We expect the sample to 
fracture much more easily if there are free surface boundaries. 
With reference to Figure 3, the potential energy was normalized by the number of atoms 
and shifted to the origin in this figure. Thus, the normalized potential energy is now an 
intensive quantity just like stress. The effect of system size on the stress-strain relation is 
investigated. It is seen that the system size barely affects the behavior of the system in the 
elastic regime, as well as the macroscopic yield strain. In the plastic regime, bigger system 
sizes lead to smaller serrations in shear stress and in normalized potential energy. But the 
mean values of shear stress and normalized potential energy in the steady-state regime are 
independent of system size. In a word, the intensive quantities are insensitive to system size 
in an average sense.  
As mentioned before, the strain increment should be small enough to make sure the 
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deformation is quasi-static. In this study, strain increments ranging from 1.0 × 10ିସ to 
2.0 × 10ି଺ are tried. Note that the smallest strain increment is much smaller than those in 
[37,28], and is comparable with the smallest ones in [24]. Figure 4 shows the effects of ∆߳ 
on stress-strain curves. In the elastic regime, the stress strain curves are hardly changed by 
the strain increment. In the plastic regime, the curves diverge from each other in that different 
strain increments in fact determine differently which local minimum to land once shear 
instability occurs. It is surprising that for the 2,000 atom system, the stress-strain curves still 
remain fairly close to each other in the early part of the fully plastic regime. This may be 
explained by the small number of available local minima associated with the relatively small 
system size. It is also important to note that the average stresses for all cases still remain 
insensitive to the strain increment.  
  Relationship between shear stress and hydrostatic stress 3.2
Many studies have reported that the plastic deformation of metallic glasses is associated with 
free volume increase, or local dilation [33,34]. Our simulation is able to confirm this by 
tracking the change of hydrostatic stress during shear (Figure 2a, where the curves are similar 
to those obtained from the 3D simulation of Cu-Zr amorphous alloys by Ogata et al [29]). As 
we increase the shear strain, the magnitude of hydrostatic stress is also increasing and 
remains negative. Because the area of the sample is conserved during simple shear, such a 
change in hydrostatic stress implies a tendency of the material to dilate, pressing harder and 
harder on the boundaries. An actual increase in the area of the system would be observed if 
there were free-surface boundaries. To avoid confusion, we use the term "hydrostatic 
pressure" to refer to the absolute value of the hydrostatic stress, while "hydrostatic stress" is 
reserved for the negative of "hydrostatic pressure".  
In the plastic regime, hydrostatic stress also shows serrations. Figure 5 shows a close-up 
of the serrations in shear stress and in hydrostatic stress, where the curve of hydrostatic stress 
has been shifted vertically to bring it closer to the shear stress curve. Most of the time, sudden 
drops in shear stress is associated with a sudden drop in hydrostatic pressure (an upward 
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jump in the red curve in Figure 5), especially for large drops. Therefore, slips occurring in the 
system not only release the shear stress, but also reduce the tendency to dilate. But there are 
exceptions to this for a few small events. A sudden increase in hydrostatic pressure can be 
found (e.g. the black cross in Figure 5). There are also cases where no apparent change in 
hydrostatic pressure occurs when there is a small drop in shear stress or vice versa (Figure 5). 
In Figure 6, we plot the ratio of hydrostatic pressure drop (denoted by ∆ߪ௛) and shear stress 
drop (denoted by ∆ߪ) for avalanches during which both a drop in hydrostatic pressure and a 
drop in shear stress are observed. The magnitudes of the drops here, ∆ߪ௛ and ∆ߪ, are 
defined as follows: 
 ∆ߪ௛ = (ߪ௛)௜ − (ߪ௛)௜ାଵ (2) 
 ∆ߪ = ߪ௜ − ߪ௜ାଵ (3) 
where (ߪ௛)௜  and (ߪ௛)௜ାଵ  are the hydrostatic pressure before and after the ݅ -th drop, 
respectively; and ߪ௜  and ߪ௜ାଵ  are the shear stress before and after the ݅ -th drop, 
respectively. Figure 6 shows that, for large avalanche events, the ratio of ∆ߪ௛  and ∆ߪ 
approaches a constant asymptotically, and the scattering of data points is relatively small. The 
scattering increases significantly for median events, showing a loss of a deterministic 
dependence of ∆ߪ௛ on ∆ߪ. For even smaller events, the ratio becomes more concentrated 
again and seems to follow a power-law dependence on ∆ߪ, with an exponent of -1, i.e. 
∆ߪ௛ ∆ߪ⁄ ~∆ߪିଵ, or equivalently, ∆ߪ௛ almost does not change with ∆ߪ. Such behavior of 
small events has not been seen in literature, and still needs to be verified and interpreted in 
the future.  
  Relationship between shear stress drops and energy drops 3.3
The rest of the thesis pays much attention to shear stress drops and energy drops. From now 
on, we use a way of computing shear stress drops and energy drops introduced in [37]. 
 ∆ߪ = ߪ௜ + ߤ∆߳ − ߪ௜ାଵ (4) 
 ∆ܧ = ܧ௜ + ܣߪ௜∆߳ − ܧ௜ାଵ (5) 
where ߪ௜ and ߪ௜ାଵ are the shear stress before and after the ݅-th drop, respectively, ܧ௜ and 
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ܧ௜ାଵ are the total potential energy of the system before and after the ݅-th drop, respectively, 
ߤ is the shear modulus of the system measured from the elastic regime of the stress-strain 
curve, ܣ is the area of the system, and ∆߳ is the strain increment. The second terms in both 
equations are correction terms. ߪ௜ + ߤ∆߳  is what the stress should be after the strain 
increment if there were no slips and the deformation were elastic. Similarly, ܧ௜ + ܣߪ௜∆߳ is 
what the potential energy should be if there were no slips. Therefore, the definitions given by 
Equations (4) and (5) account for purely the difference in stress/energy brought about by 
plastic slips. When plotting Figure 6 in the previous section, we did not add the correction 
term ߤ∆߳  for ∆ߪ  (c.f. Equation ( 3 )), because the way of computing ∆ߪ  should be 
consistent with that of ∆ߪ௛ (c.f. Equation(2)), for which a correction term is difficult to 
determine due to the fact that hydrostatic pressure does not increase linearly with strain 
during elastic deformation (c.f. Figure 2(a)). Noting that ߤ∆߳ is fixed for each simulation, 
the relative error of neglecting the correction term is only significant when ߪ௜ − ߪ௜ାଵ is 
small. In addition, since a "drop" in stress is considered to occur whenever ߪ௜ > ߪ௜ାଵ, as is 
mentioned earlier, the definition of ∆ߪ given by Equation (4) leads to that ∆ߪ > ߤ∆߳. 
Similarly, Equation (5) leads to that ∆ܧ > ܣߪ௜∆߳. 
The shear stress drop (∆ߪ) and energy drop (∆ܧ) of each avalanche event is plotted in 
Figure 7. The data points are more concentrated for large avalanches, and much more 
scattered for small ones. Therefore, the correlation between ∆ߪ and ∆ܧ is stronger for large 
avalanches. To better show the relationship between ∆ߪ and ∆ܧ, the ∆ߪ's are then binned 
logarithmically and the average of ∆ܧ's in each bin is computed. A curve of average energy 
drop 〈∆ܧ〉 vs. stress drop ∆ߪ is then plotted on top of each scatter plot (c.f. red curves in 
Figure 7). The slope of the curves approaches 1 as avalanche sizes become bigger and bigger, 
showing that ∆ܧ and ∆ߪ are becoming proportional with each other asymptotically. But for 
small events, ∆ܧ and ∆ߪ are not proportional. The transition from non-proportionality to 
proportionality, however, is affected by the system size. Figure 8 shows that the transition 
occurs earlier for bigger systems, resulting in a wider proportionality regime. Reducing the 
strain increment does not seem to have a noticeable effect on the transition (Figure 7), but it 
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extends the non-proportionality regime further to the left because more small events are 
captured. The mean field theory predicts that in the non-proportional regime, the slope should 
be greater than 1 (ideally, 1.5) in a log-log plot, and this is matched qualitatively by our plots.  
Similar to [35], for each shear stress drop ∆ߪ, we can accordingly define an energy 
change ∆ܷ, 
 ∆ܷ =
〈ఙ〉∆ఙ
ఓ
ܣ (6) 
where ܣ is the area of the sample in 2D, ߤ is the shear modulus and 〈ߪ〉 is the steady-state 
shear stress. We mentioned earlier that ߤ and 〈ߪ〉 are insensitive to strain increment and 
system size, so they are considered constants. Here, ∆ܷ is an estimate of the energy 
dissipated within the material during a shear stress drop. (6) can be derived in the following 
way. Assuming the stress before a drop is ߪ, the strain energy change during the drop can be 
estimated as follows 
 ∆ܷ = ௣ܷ௥௘ିௗ௥௢௣ − ௣ܷ௢௦௧ିௗ௥௢௣ = ቂ
(ఙ)మ
ଶఓ
−
(ఙି∆ఙ)మ
ଶఓ
ቃ ܣ~
ఙ
ఓ
∆ߪܣ~
〈ఙ〉
ఓ
∆ߪܣ (7) 
On the other hand, the energy dissipation during an avalanche measured from the potential 
energy vs. strain curve is ∆ܧ. The energy conservation would give ∆ܷ = ∆ܧ. But since ߪ 
in (6) is computed from the virial tensor that sums the contribution of all interatomic forces 
[36], ߪ can be considered as a homogenized shear stress of the entire sample. Therefore, 
deviation of ∆ܷ from ∆ܧ can be expected. Salerno et al [35] found in the pure shear 
deformation of their systems that ∆ܷ = ∆ܧ is approximately true for large slip events, while 
∆ܷ and ∆ܧ differ considerably for small events. We have obtained similar results (Figure 9). 
The ratio of ∆ܷ to ∆ܧ converges to almost 1 for events having bigger shear stress drops 
(corresponding to a bigger ∆ܷ in the plots). But for small events, the data points are much 
more scattered.  
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  Figures 3.4
 
(a) 
 
(b) 
Figure 2: (a) Stresses and (b) total potential energy vs. shear strain when a sample of 16,000 atoms is sheared at a 
strain increment of 5.0 × 10ିହ.  
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(a) 
 
(b) 
Figure 3: (a) Shear stress and (b) normalized potential energy vs. shear strain for samples with 2,000, 4,000, 8,000, 
16,000 and 32,000 atoms. The strain increment ∆߳ is 2.0 × 10ିହ. Note that the potential energy in (b) has been 
normalized by the number of atoms and then shifted to a zero starting point.  
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(a) ܰ = 2,000 
  
(b) ܰ =  8,000 
  
(c) ܰ =  32,000 
Figure 4: Shear stress and potential energy vs. shear strain for systems having (a) 2,000, (b) 8,000 and (c) 32,000 
atoms. For each system size, different strain increments are used, as specified by the legends. The samples are 
prepared with the same melt-quench procedure mentioned in Chapter 2. 
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Figure 5: Jerks in shear stress (blue) and hydrostatic stress (red), when a sample of 16,000 atoms is sheared with a 
strain increment of 5.0 × 10ିହ. The real hydrostatic stress is negative, but for better comparison with shear 
stress, the red curve has been shifted vertically. The blue crosses label sudden drops in shear stress and the red 
crosses label sudden increases in hydrostatic stress. The green dotted lines pass through each blue cross. Most of 
the time, the green lines pass through red crosses as well, as drops in shear stress and increases in hydrostatic 
stress are often concurrent. But there are exceptions. For example, there is a point where both hydrostatic stress 
and shear stress decrease at the same time, as labeled by the black cross. A close-up is shown for this. 
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(a) ܰ =  4,000, ∆߳ = 5.0 × 10ିହ (b) ܰ =  4,000, ∆߳ = 2.0 × 10ିହ (c) ܰ =  4,000, ∆߳ = 5.0 × 10ି଺ 
   
(d) ܰ =  8,000, ∆߳ = 5.0 × 10ିହ (e) ܰ =  8,000, ∆߳ = 2.0 × 10ିହ (f) ܰ = 8,000, ∆߳ = 5.0 × 10ି଺ 
   
(g) ܰ = 16,000, ∆߳ = 5.0 × 10ିହ (h) ܰ = 16,000, ∆߳ = 2.0 × 10ିହ (i) ܰ = 16,000, ∆߳ = 5.0 × 10ି଺ 
Figure 6: Ratio of ∆ߪ௛ (hydrostatic pressure drop) and ∆ߪ (shear stress drop) vs. ∆ߪ for each avalanche event. 
Each cross corresponds to a single event. Only the events that have both hydrostatic pressure drop and shear stress 
drop are plotted. Each subplot corresponds to a combination of system size (ܰ) and strain increment (∆߳), as 
labeled in the titles. To get the red curves, the events are first binned logarithmically according to their ∆ߪ's, the 
∆ߪ௛'s within each bin are then averaged, and finally, the average ∆ߪ௛ for each bin is divided by the average ∆ߪ 
for the same bin. The black solid line has a slope of -1. The red curves approach a slope of -1 asymptotically as 
∆ߪ decreases. 10 realizations of the initial sample are used for each system size. 
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(a) ܰ = 4,000, ∆߳ = 5.0 × 10ିହ (b) ܰ =  4,000, ∆߳ = 1.0 × 10ିହ (c) ܰ = 4,000, ∆߳ = 2.0 × 10ି଺ 
   
(d) ܰ = 8,000, ∆߳ = 5.0 × 10ିହ (e) ܰ = 8,000, ∆߳ = 1.0 × 10ିହ (f) ܰ = 8,000, ∆߳ = 2.0 × 10ି଺ 
   
(g) ܰ = 16,000, ∆߳ = 5.0 × 10ିହ (h) ܰ = 16,000, ∆߳ = 1.0 × 10ିହ (i) ܰ = 16,000, ∆߳ = 2.0 × 10ି଺ 
   
(j) ܰ = 32,000, ∆߳ = 5.0 × 10ିହ (k) ܰ = 32,000, ∆߳ = 1.0 × 10ିହ (l) ܰ = 32,000, ∆߳ = 2.0 × 10ି଺ 
Figure 7: Energy drop ∆ܧ vs. shear stress drop ∆ߪ in each avalanche event. Each subplot corresponds to a 
combination of system size (ܰ) and strain increment (∆߳). Each blue cross represents a single event. The red 
curves are obtained by first logarithmically binning the events according to their stress drops, and then averaging 
the energy drops within each bin. The black solid and dashed lines have slopes of 1 and 1.5, respectively. The red 
curves approach a slope of 1 as avalanche size increases, while before that, there appears to be a region where the 
slope is about 1.5 in (f), (i) and (l). 10 realizations of the initial sample are used for each system size. 
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Figure 8: Average energy drop 〈∆ܧ〉 vs. stress drop ∆ߪ for systems having 2,000, 4,000, 8,000, 16,000 and 
32,000 atoms. All the slip events are logarithmically binned according to their stress drops, and then the energy 
drops in each bin are averaged to get 〈∆ܧ〉’s. The black solid line has a slope of 1, and the black dashed line has a 
slope of 1.5. The strain increment  ∆߳ is 2.0 × 10ି଺ for all systems. The figure shows bigger systems have 
bigger energy drops for the same size of stress drop, which is expected. 
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(a) ܰ = 4,000, ∆߳ = 5.0 × 10ିହ (b) ܰ = 4,000, ∆߳ = 2.0 × 10ିହ (c) ܰ = 4,000, ∆߳ = 1.0 × 10ିହ 
   
(d) ܰ = 8,000, ∆߳ = 5.0 × 10ିହ (e) ܰ = 8,000, ∆߳ = 2.0 × 10ିହ (f) ܰ = 8,000, ∆ϵ = 1.0 × 10ିହ 
   
(g) ܰ = 16,000, ∆߳ = 5.0 × 10ିହ (h) ܰ = 16,000, ∆߳ = 2.0 × 10ିହ (i) ܰ = 16,000, ∆߳ = 1.0 × 10ିହ 
Figure 9: The ratio of ∆ܷ (=
〈ఙ〉∆ఙ
ఓ
ܣ, where ܣ is the area of the sample, ߤ is the shear modulus, ∆ߪ is the 
shear stress drop of the event, and 〈ߪ〉 is the steady-state shear stress) and energy drop ∆ܧ vs. ∆ܷ ߳஺஺⁄  (where 
∆ܷ is normalized by ߳஺஺, which is the parameter ߳ in the potential for the interaction between two atoms A, as 
listed in Table 1) in each avalanche event. Each cross corresponds to a single event. Each subplot corresponds to a 
combination of system size (ܰ) and strain increment (∆߳). 10 realizations of the initial sample are used for each 
system size. 
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CHAPTER 4  
PROBABILITY DISTRIBUTION OF AVALANCHE SIZES 
Many studies have found a power law distribution of avalanche sizes in disordered systems. 
In our model, the avalanche size can be characterized by the drop of shear stress and the drop 
of potential energy, as is done in some other studies [37,24,35]. The probability distributions 
of ∆ߪ and ∆ܧ for different strain increments are plotted in log-log figures (Figure 10). 
Logarithmic binning is used. To get the distributions, we first count the number of events in 
each bin, and then divide it by the width of the bin. The entire distributions are further 
divided by the width of the strain interval within which slip avalanche events were counted. 
We have verified that the length and position of the strain interval do not affect the final 
distributions as long as the interval lies in the plastic regime. Here, we choose the strain 
interval to be [0.15, 0.6]. The final distributions for ∆ߪ and ∆ܧ are denoted by ܲ(∆ߪ) and 
ܲ(∆ܧ), respectively. Figure 10 shows that reducing the strain increment simply extends the 
curves further to the left because small events are better captured, but the right portion of the 
distributions remains unaffected. A small-event cutoff is seen in each plot, which shifts to the 
left as the strain increment is reduced.  
We choose a strain increment of 2.0 × 10ି଺ and plot the distributions as the system size 
varies (Figure 11). According to the mean field theory [38], the probability distribution should 
follow a power-law with a possible large-event cutoff due finite size effects. We do not see a 
power-law distribution over the entire range of event sizes in our plots. However, we do find 
the middle portion of our curves to follow a power-law, which is most obvious for the biggest 
system and for ܲ(∆ߪ). The exponent of the power law, denoted by ߬, is estimated to be 
1.16 ± 0.05 for ∆ߪ, and about 1 for ∆ܧ. These values are different from the prediction 
given by the mean-field theory: 1.5 for ∆ߪ and 4/3 for ∆ܧ. One reason for the deviation is 
that our simulations are 2D. We expect closer agreement with the mean field theory in 3D, as 
shown by the experiments in 3D [14]. Our exponent for ∆ߪ  is lower than the value 
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1.25 ± 0.05  given by the 2D model of [ 39 ], and 1.3 ± 0.1  given by the atomistic 
simulation in [35]. It is possibly because the system size used in our study is relatively small. 
The exponent for ܲ(∆ܧ) from our simulation should not be taken too literally, because there 
is a slight bump preceding the exponential drop, making it difficult to determine accurately 
the region following power-law. But it seems clear that the ܲ(∆ܧ) is flatter than ܲ(∆ߪ). 
Future simulations of much larger system sizes will help clarify this issue in more detail. 
  Scaling of the distributions 4.1
The exponential drops in ܲ(∆ܧ) and ܲ(∆ߪ) are due to the finite size of the systems used in 
simulation. As the system size increases, the exponential drops shift accordingly (Figure 11). 
The effect of system size on the distributions can be described by a proper finite-size scaling. 
Same as in [35], we do the following finite-size scaling on the original probability 
distributions in Figure 11, 
 
௉(ఞ)
௅ഁ
= ݂ ቀ
ఞ
௅ഀ
ቁ (8) 
where ߯  represents either ∆ߪ  or ∆ܧ , and ܮ  is the side length of the samples. The 
objective is to find a proper pair of (ߙ, ߚ)  such that the power-law portion and the 
exponential-drop portion will collapse onto one. The scaled distributions are shown in Figure 
12. For ∆ܧ, ߙ = 0.9 ± 0.1 and ߚ = 0.3 ± 0.1, close to the estimates in [35]: α = 0.9 ±
0.05 and ߚ = 0.2 ± 0.1. For ∆ߪ, the same values of (ߙ, ߚ) do not give a good collapse. 
Instead, we come up with ߙ = −1.0 ± 0.1 and ߚ = 2.0 ± 0.1. The scaled curves also 
collapse (Figure 12a). The (ߙ, ߚ)'s and error ranges are determined by adjusting the values of 
ߙ and ߚ, and then looking at the quality of collapse. It is worth noting that the power-law 
regime of the distribution extends “deeper” into the left as the system size is increased, which 
can be clearly seen from Figure 12. Therefore, we expect to get a wider power-law range in 
the distributions if even bigger systems are used, which will be helpful for determining the 
scaling exponents mentioned above to a higher precision.  
A relation between the ߙ for ∆ߪ (denoted by ߙଵ), and the ߙ for ∆ܧ (denoted by ߙଶ) 
can be derived. Equation (6) shows ∆ܷ~∆ߪܮଶ. It was also shown above that for the largest 
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events, which are dominant, ∆ܷ~∆ܧ. Therefore 
݂ ൬
∆ܧ
ܮఈమ
൰ ~݂ ቆ
∆ߪܮଶ
ܮఈమ
ቇ ~݂ ൬
∆ߪ
ܮఈమିଶ
൰ ∶= ݂ ൬
∆ߪ
ܮఈభ
൰ 
i.e. 
 ߙଵ = ߙଶ − 2 (9) 
We find ߙଵ = −1, and ߙଶ = 0.9, so this relation is approximately satisfied considering our 
precision of determining ߙ’s. A similar relation between the scaling exponents was found in 
[24] while studying the scaling of average ∆ߪ and average ∆ܧ with ܮ.  
The finite-size-scaling collapse of ܲ(∆ܧ) suggests that the energy dissipation during the 
largest event (∆ܧ)௠௔௫~ܮఈమ. The fact that ߙଶ is smaller than the dimension of the system 
indicates that the scaling is subextensive. Many studies have found the subextensive nature of 
the scaling of avalanche sizes with system size, in both amorphous materials [23,24,35,39,19] 
and crystals [40]. While most studies find the exponent to be about 1 [23,35,39,19,40], 
another value is also reported in [24]. 
Another scaling property that is investigated is the scaling of the number of slip events of 
a given size with system size. Salerno et al [35] found the scaling to be subextensive, i.e. the 
number of events does not increase linearly with the number of particles, which scales with 
ܮௗ, where ݀ is the dimension of the system. Instead, the number of events scales as ܮఊ , with 
ߛ < ݀. According to the definition of ܲ(߯) (where again, ߯ represents either ∆ߪ or ∆ܧ) 
mentioned earlier, for any avalanche size range [߯, ߯ + ݀߯], ܲ(߯)݀߯ is the number of events 
per unit strain interval. Therefore, the value of ܲ(߯) is a measure of the number of events of 
a given size ߯. To see how the number of events of a fixed size changes with the system size 
in the power-law regime, we scale the original curves for ܲ(߯) in Figure 11 by ܮఊ . The 
objective is to find a proper ߛ such that the power-law portion of the curves collapses. 
Figure 13 shows the scaled distributions, with ߛ = 1.0 ± 0.1 for ܲ(∆ߪ), and ߛ = 1.3 ± 0.1 
for ܲ(∆ܧ), The ߛ's are determined the same way as ߙ's and ߚ's. Higher precision of ߛ can 
possibly be obtained by doing more realizations of each system size and trying bigger 
systems. The collapse of the scaled curves suggests that the number of slip events do scale as 
ܮఊ , and the fact that ߛ < ݀ verifies the subextensive nature of the scaling. Our ߛ for ܲ(∆ܧ) 
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is the same as in [35]. The reason for ߛ < ݀ is possibly because the number of sites that can 
nucleate avalanches decreases per unit area as the system size increases [35]. 
There are some relations [35] between the scaling exponents mentioned above. The 
derivation of the first relation is summarized below. It has been mentioned that ܲ(∆ߪ) and 
ܲ(∆ܧ) both follow a power-law except a steeper portion on the left and an exponential drop 
on the right. If we neglect the latter two, then the function ݂ in (8) follows: 
 ݂(ݔ)~ݔିఛ ,    for ݔ ≪ 1 (10) 
Therefore,  
 ܲ(߯) = ܮఉ݂(߯/ܮఈ)~ܮఉାఈఛ߯ିఛ (11) 
At the same time, the collapse of the curves in Figure 13 gives  
 ܲ(߯) = ܮఊ߯ିఛ (12) 
Comparing (11) and (12) gives the first relation 
 ߛ = ߚ + ߙ߬ (13) 
One can see that the derivation of this relation does not rely on any assumptions. As long as 
the scaling properties hold, the exponents should satisfy this relation. Recall that for ܲ(∆ܧ), 
we got ߙ = 0.9, ߚ = 0.3 and ߬ = 1, which when plugged into (13) gives ߛ = 1.2, close to 
our estimate of ߛ = 1.3, as well as the result ߛ = 1.3 ± 0.1 in [35]. For ܲ(∆ߪ), we 
got ߙ = −1, ߚ = 2 and ߬ = 1.16 , which gives ߛ = 0.84 according to (13). This slightly 
deviates from our previous estimate: ߛ = 1.0 ± 0.1. But given the error ranges of the 
exponents, it cannot be ruled out that (13) is still satisfied. 
The second relation is 
 ߚ = 2 − 2ߙ (14) 
It is based on energy conservation in steady-state shear. Based on the derivation given in [35], 
it is always true for the ߙ and ߚ for ܲ(∆ܧ). If ∆ܧ and ∆ߪ are proportional for each 
individual slip, then it is also true for the ߙ and ߚ for ܲ(∆ߪ). Plugging in our ߙ and ߚ, 
one can find that (14) is indeed satisfied for ܲ(∆ܧ) (with an acceptable error), but is no 
longer true for ܲ(∆ߪ). The latter is because in our system, ∆ܧ and ∆ߪ are not always 
proportional, as mentioned in last chapter. 
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  Figures 4.2
  
(a) ܰ =  2,000 
  
(b) ܰ =  4,000 
  
(c) ܰ =  8,000 
Figure 10: ܲ(∆ߪ) (probability distribution of shear stress drop) and ܲ(∆ܧ) (probability distribution of energy 
drop) for different system sizes (ܰ) and different strain increments (labeled in the legends). The straight 
reference lines in the figures for ܲ(∆ߪ) have a slope of -1.5 and those in the figures for ܲ(∆ܧ) have a slope of 
-4/3, which are suggested by the mean field theory. Our distributions do not follow power laws with these 
exponents, which is likely because the systems are 2D here. Corrections in the mean field theory are expected 
for 2D. In 3D, the agreement between simulation and the mean field theory may be better. Also, future studies 
will simulate much larger systems to reduce known deviations created by finite size effects. 
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(d) ܰ = 16,000 
  
(e) ܰ = 32,000 
Figure 10 (cont.) 
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(a) 
 
(b) 
Figure 11: Original ܲ(∆ߪ) (probability distribution of shear stress drop) and ܲ(∆ܧ) (probability distribution 
of energy drop) for systems having 2,000, 4,000, 8,000, 16,000 and 32,000 atoms. The strain increment is 
2.0 × 10ି଺. The black line in (a) has a slope of -1.16 and the black line in (b) has a slope of -1. 
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(a) 
 
(b) 
Figure 12: Finite-size scaled ܲ(∆ߪ) (probability distribution of shear stress drop) and ܲ(∆ܧ) (probability 
distribution of energy drop) for systems having 2,000, 4,000, 8,000, 16,000 and 32,000 atoms. ܮ is the side 
length of the system. The strain increment is 2.0 × 10ି଺. The black line in (a) has a slope of -1.16 and the black 
line in (b) has a slope of -1. In (a), ߙ = −1 and ߚ = 2. In (b), ߙ = 0.9 and ߚ = 0.3. 
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(b) 
Figure 13: ܲ(∆ߪ) (probability distribution of shear stress drop) and ܲ(∆ܧ) (probability distribution of energy 
drop) scaled by ܮఊ , for systems having 2,000, 4,000, 8,000, 16,000 and 32,000 atoms. ܮ is the side length of 
the system. The strain increment is 2.0 × 10ି଺. The black line in (a) has a slope of -1.16 and the black line in (b) 
has a slope of -1. ߛ is 1.0 for ܲ(∆ߪ), and 1.3 for ܲ(∆ܧ).  
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CHAPTER 5 SPATIAL EXTENT OF SLIP AVALANCHES 
As mentioned earlier, the plastic deformation of amorphous materials is accommodated by 
shear transformation zones (STZs), where the local atomic rearrangements, also termed slips, 
are taking place. In atomistic simulations, there are multiple ways to determine the locations 
of these slips. The simplest is to compute the non-affine atomic displacement ݑ [20,29], 
which is the displacement of each atom subtracted by the displacement of a uniform simple 
shear. Local slips are often characterized by a high value of u, i.e. the motion of atoms 
deviates significantly from a uniform simple shear in the slipped sites. Another measure of 
local rearrangements that is often used is ܦ௠௜௡, first proposed by Falk et al [41]. The 
definition of ܦ௠௜௡ is restated below. First, we define the neighborhood of each atom as a 
disk of radius ݎ. In our study, we set ݎ to be the maximum of the three cutoff distances of 
the potentials (Table 1), i.e. 6.0 Å. Second, the error of using a uniform strain tensor ߳௜௝  to 
describe the deformation in the neighborhood is defined as  
 ܦଶ(߳, ∆߳) = ∑ ∑ ൫ݔ௡௜ (߳ + ∆߳) − ݔ଴
௜ (߳ + ∆߳) − ∑ ൫ߜ௜௝ + ߳௜௝൯ × ൣݔ௡௜ (߳) − ݔ଴
௜ (߳)൧௝ ൯
ଶ
௜௡  (15) 
where ݊ runs over the atoms that are neighbors of the central atom, and ݅ and ݆ represents 
the spatial coordinates, which go from 1 to 2 in our 2D case. ݔ௡௜ (߳ + ∆߳) and ݔ௡௜ (߳) are the 
݅-th coordinate of the ݊-th neighboring atom when the applied macroscopic strain is ߳ + ∆߳ 
and ϵ, respectively. ݔ଴
௜ (߳ + ∆߳) and ݔ଴
௜ (߳) denote the coordinates of the central atom in a 
similar way. Then, the ߳௜௝  that minimizes ܦଶ is found, and the minimum of ܦଶ is denoted 
by ܦ௠௜௡
ଶ . Here we use the square root of ܦ௠௜௡
ଶ , denoted by ܦ௠௜௡, because it has the unit of 
displacement and thus can be compared with ݑ later. We can see from the definition above 
that ܦ௠௜௡ measures the extent to which the deformation of the neighborhood of each atom 
can be considered uniform. In STZs, the relative slips between atoms make the local 
deformation significantly different from a uniform one. Therefore, in those regions, high 
ܦ௠௜௡’s are expected.  
Figure 14 shows several typical ݑ  fields and ܦ௠௜௡  fields during shear steps that 
activate local slips. In Figure 14a and b, atoms participating in slips are localized in a small 
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region. The ݑ field around the slipped region shows a quadrupolar shape. Such a shape is 
also found in other atomistic simulations of amorphous solids [28,42], and is reminiscent of 
the solution to Eshelby's inclusion problem [43]. The slips in STZs give rise to a long-range 
stress redistribution in the matrix (by matrix, we are referring to the regions not undergoing 
slips in the current shear step). The stress redistribution may trigger slips in other regions of 
the matrix, resulting in a slip avalanche. When no "secondary" slips are triggered, the rest of 
the material simply deforms elastically, and we end up with only one STZ during the current 
shear step, as in Figure 14a and b. Such a mechanism for slip avalanches has been used in 
certain mesoscale models of amorphous plasticity [39,44].  
However, there are occasions when the ݑ field does not show a quadrupolar shape when 
only one STZ exists (Figure 14e). It is possible that the fluctuation of the local material 
properties is distorting the stress redistribution from a standard solution of the stresses in a 
homogeneous elastic matrix surrounding an inclusion [28,43]. This effect may be more 
severe when the slip is weak. 
In contrast to ݑ, quadrupolar shapes are not found in the ܦ௠௜௡ fields (Figure 14b), i.e. 
no "fingers" radiating from STZs. As mentioned earlier, the material in the "fingers" (Figure 
14a), is undergoing elastic deformation. So locally, the deformation can be seen as constant. 
(In the STZs where slips occur, there is relative sliding between two layers of atoms, which 
creates a discontinuity of displacements from a continuum point of view. So locally, the 
deformation cannot be seen as constant). Hence according to the definition, ܦ௠௜௡ should be 
very low in these regions, which explains the absence of the "fingers". ܦ௠௜௡ is still above 
the background value at a certain distance away from the STZ, though. That is because the 
deformation is still not strictly uniform in the vicinity of STZs and also the radius of the 
neighborhood for computing ܦ௠௜௡ is not infinitesimal. But it is clear that ܦ௠௜௡ decays 
much faster outside STZs than ݑ.  
In other cases (Figure 14c and d), more than one STZs are activated, because the stress 
redistributions caused by the first slip trigger more slips in the sample. It is often difficult to 
see a quadrupolar shape for each individual STZ when multiple slips occur, which can 
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probably be attributed to the interference between slips. In addition, ܦ௠௜௡  field better 
isolates the individual STZs than the ݑ field, because of the aforementioned feature that 
ܦ௠௜௡ decays much faster outside of each STZ. ܦ௠௜௡ is, therfore, a better indicator of local 
rearrangements than ݑ. 
  Participation ratios 5.1
To measure the locality of the slips, we use a participation ratio ݌ [37] defined as 
 ݌ =
ଵ
ே
×
൫∑ ௨(௜)మ೔ ൯
మ
∑ ௨(௜)ర೔
 (16) 
where ܰ is the total number of atoms and ݑ(݅) is the non-affine displacement of the ݅-th 
atom during the current shear step. If only one atom is moving, then ݌ = 1 ܰ⁄ . If all the 
atoms have the same ݑ(݅), then ݌ = 1. So ݌ is an effective fraction of atoms whose motion 
is perturbed due to slips. Analogously, we introduce another participation ratio ݍ, which is 
defined on ܦ௠௜௡. 
 ݍ =
ଵ
ே
×
൫∑ ஽೘೔೙(௜)
మ
೔ ൯
మ
∑ ஽೘೔೙(௜)ర೔
 (17) 
Since ܦ௠௜௡ is an indicator of local plastic deformations, ݍ can be considered as an effective 
fraction of atoms whose neighborhood is undergoing local plastic deformations.  
Figure 15 shows the change of ݌ and ݍ with shear strain. Stress drops are always 
accompanied by a sudden drop in ݌ and ݍ, suggesting that deformation becomes more 
localized when STZs are activated. On the other hand, sudden drops in ݌ and ݍ are not 
always accompanied by an apparent drop in shear stress, depending on the externally applied 
strain increment. When the strain increment is 1.0 × 10ିସ, it is quite often that no apparent 
stress drops are observed when drops in ݌ and ݍ occur. Such cases are fewer when the 
strain increment decreases to 2.0 × 10ିହ. When the strain increment is 5.0 × 10ି଺, stress 
drops are observed for all occurrences of drops in ݌ and ݍ. It is likely that when the strain 
increment is large, we miss many slip events by simply looking at stress drops. In addition, it 
appears that ݌ is often greater than ݍ in Figure 15. This is consistent with our previous 
finding that the spatial distribution of ܦ௠௜௡ shows more locality than that of ݑ. From now 
33 
 
on, we are only going to focus on the participation ratios that correspond to apparent stress 
drops. 
  Relationship between participation ratios and stress drops 5.2
Participation ratios describe the extent of slip avalanches based on the motion of individual 
atoms, while stress drops are a measure of avalanche sizes directly based on the macroscopic 
observations. Therefore, it is of interest to correlate participation ratios with stress drops for 
each avalanche event. We make scatter plots of the pairs of (݌, ∆߳) and (ݍ, ∆߳) for each 
slip event when systems of 2,000 atoms are sheared with different strain increments (Figure 
16). The plots for ݌ and ݍ are largely similar, except that ݌ is generally more scattered 
than ݍ. Two regions, with two different dependences of participation ratios on ∆ߪ, are 
clearly distinguishable in the plots. When ∆ߪ is greater than a critical value ∆ߪ௖, which is 
about 10ିଶ, ݌ and ݍ increase with ∆ߪ. We call this part of the plot Region II. For smaller 
∆ߪ’s, ݌ and ݍ appear to also increase slightly with ∆ߪ , but the trend is considerably 
overshadowed by the significant scattering of data points. This part of the plot is called 
Region I. There is a transition region where  ݌ and ݍ  decrease as the avalanche size 
increases. It can be seen that reducing the strain increment adds more data points to Region I, 
but does not change the distribution of data in Region II. Most importantly, Region II extends 
deeper to the left as the system size increases (Figure 17). The critical stress drop ∆ߪ௖ shifts 
to the left at the same time. Recall that in Figure 11a, the probability distributions of ∆ߪ can 
also be divided into two portions, the right portion that collapses under finite-size scaling 
(Equation (8)) and the left portion that shows a steeper slope and does not follow the scaling. 
The transition point is also around 10ିଶ, and it shifts to the left when the system becomes 
bigger. Therefore, Region II in the scatter plots corresponds to the scaling portion of the 
probability distributions of avalanche sizes, while Region I corresponds to the non-scaling 
portion. For avalanches that follow the finite-size scaling, an increase of avalanche size (∆ߪ) 
is associated with a simultaneous increase of the spatial extent of the event (measured by ݌ 
and ݍ). But for avalanches that do not scale, the dependence of avalanche sizes on spatial 
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extent is much more stochastic, though a positive correlation is still found in an average 
sense. 
  Effect of system size on participation ratios 5.3
With the scattered data points in Figure 17, we plot the "average participation ratio of a given 
stress drop size" (denoted by 〈݌〉∆ఙ and 〈ݍ〉∆ఙ) vs. stress drop (Figure 18a and b). The plots 
are obtained by first logarithmically binning ∆ߪ, and then computing the average of the ݌'s 
and ݍ's in each bin. Similarly, 〈݌〉∆ா and 〈ݍ〉∆ா vs. ∆ܧ are also plotted (Figure 18c and d). 
The plots show clearly that how the participation ratios change with ܮ depends on the 
avalanche size. But the conclusion appears to rely on whether ∆ߪ or ∆ܧ is used as a 
measure of avalanche size. If ∆ߪ is taken as a measure of avalanche size and made fixed, 
then ݌ for this fixed avalanche size increases with ܮ for big events, while the opposite is 
true for small events. On the contrary, if ∆ܧ is taken as a measure of avalanche size and 
made fixed, then ݌ always decreases with ܮ. The reason for this inconsistency is that when 
∆ߪ is held fixed, ∆ܧ changes with ܮ and vice versa. To get consistent conclusions, we 
scale the curves along the x axis such that the largest events for different system sizes have 
the same x coordinate. This can be achieved by choosing the scaling exponent to be the value 
of ߙ for the finite-size scaling in Figure 12, where the largest events collapse. In other words, 
the curves for 〈݌〉∆ఙ and 〈݌〉∆ா, are scaled as follows: 
 〈݌〉∆ఙ = ଵ݂ ቀ
∆ఙ
௅ഀ
ቁ , ߙ = −1 (18) 
 〈݌〉∆ா = ଶ݂ ቀ
∆ா
௅ഀ
ቁ , ߙ = 0.9 (19) 
The scaled plots are shown in Figure 19a and c. The rightmost parts of the curves almost 
overlap after scaling. Therefore, ݌ for the largest avalanche event (which is denoted by 
݌௟.௔௩௔) is almost constant as system size increases, i.e. the fraction of atoms whose motions 
are perturbed due to the occurrence of slips does not change with system size, or, equivalently, 
the number of such atoms increases linearly with the area of the sample ܮଶ. For ݍ, the 
original curves are scaled along both ݔ and ݕ axes, to make the rightmost portions overlap, 
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i.e. they are scaled as follows: 
 
〈௤〉∆഑
௅ഇ
= ݃ଵ ቀ
∆ఙ
௅ഀ
ቁ , ߙ = −1 and ߠ = −1 (20) 
 
〈௤〉∆ಶ
௅ഇ
= ݃ଶ ቀ
∆ா
௅ഀ
ቁ , ߙ = 0.9 and ߠ = −1 (21) 
The value of ߠ is chosen properly to ensure the overlap. Scaled plots are shown in Figure 
19b and d. This scaling shows that ݍ for the largest avalanche (which is denoted by ݍ௟.௔௩௔) 
scales as ܮିଵ. Since ݍ is an effective fraction of atoms whose neighborhood is undergoing 
plastic deformations, we can conclude that for the largest avalanche event, the fraction of 
such atoms scales as ܮିଵ, or equivalently, the number of such atoms scales linearly with ܮ, 
The reason that ݌௟.௔௩௔ and ݍ௟.௔௩௔ scale differently with ܮ is because ݌ takes into account 
many atoms participating in elastic deformation, while ݍ largely excludes such atoms. The 
fact that ݍ௟.௔௩௔~ܮିଵ is the evidence of the subextensive nature of plastic rearrangements. 
Note that the aforementioned scaling properties are only for the largest avalanches. For 
smaller avalanches, as Figure 19 shows, ݌ decreases with increasing ܮ, and ݍ decreases 
faster than ܮିଵ. Therefore, small avalanche events are generally more localized.  
The conclusion that the number of atoms participating in plastic deformation scales 
subextensively with system size during largest avalanches is partly supported by other studies, 
but there are differences in terms of the details of the scaling behavior. Some studies found 
that the average of all ݌'s (denoted by 〈݌〉) scale as ܮିఋ , with ߜ = 1 in the 2D simulation 
in [23], and ߜ = 1.5 in the 3D simulation in [37]. Lerner et al. [24] noticed that ݌ includes 
contributions from elastic deformation, and by carefully ruling out the elastic effect and 
retaining the plastic components, they found the average number of atoms participating in 
plastic deformation scales as ܮక  in 2D. The value of ߦ depends on the interatomic potential: 
ߦ = 0.78 and ߦ = 0.66 for the two potentials used in their study, respectively. In other 
words, they found that the fraction of atoms participating in plastic deformation scales as 
ܮିଵ.ଶଶ or ܮିଵ.ଷସ. In contrast to these published results, we do not find 〈݌〉 and 〈ݍ〉 to 
follow a power-law scaling with ܮ (Figure 20 and Table 2). In fact, in our cases, 〈݌〉 and 
〈ݍ〉 fail to reflect the effect of system size on the participation ratios, because how ݌ and ݍ 
change with system size highly depends on which size of avalanches is considered, as 
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mentioned above. This is the main reason why we focused on the participation ratios of a 
given avalanche size, i.e. 〈݌〉∆ఙ, 〈݌〉∆ா, 〈ݍ〉∆ఙ and 〈ݍ〉∆ா, instead of the average of all ݌'s 
and ݍ's.    
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  Figures and tables 5.4
  
(a) ݑ in the 1167-th shear step (b) ܦ௠௜௡ in the 1167-th shear step 
  
(c) ݑ in the 1046-th shear step (d) ܦ௠௜௡ in the 1046-th shear step 
  
(e) ݑ in the 687-th shear step (f) ܦ௠௜௡ in the 687-th shear step 
Figure 14: Spatial distributions of non-affine atomic displacement ݑ and local rearrangement parameter ܦ௠௜௡ 
within shear steps during which shear stress drops occur. The system contains 2,000 atoms, and the shear strain 
increment ∆߳ = 1.0 × 10ିସ. The unit for the colorbars is Angstrom. 
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(a) ∆߳ = 1.0 × 10ିସ 
 
(b) ∆߳ = 2.0 × 10ିହ 
Figure 15: Participation ratios (݌ and ݍ) vs. strain when the sample is sheared at three different strain increments: 
(a)1.0 × 10ିସ, (b)2.0 × 10ିହ and (c)5.0 × 10ି଺. Stress-strain curves for the same strain intervals are provided 
for comparison with the participation ratio curves. Red crosses and green dotted lines label the points where a 
stress drop is found. 
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(c) ∆߳ = 5.0 × 10ି଺ 
Figure 15 (cont.) 
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(a) ∆߳ = 1.0 × 10ିସ 
 ܦ௠௜௡
  
(b) ∆߳ = 2.0 × 10ିହ 
  
(c) ∆߳ = 5.0 × 10ି଺ 
ܦ
Figure 16: Participation ratios ݌ and ݍ vs. stress drop ∆ߪ in each avalanche event, when the strain increment 
∆߳ is (a) 1.0 × 10ିସ, (b) 2.0 × 10ିହ and (c) 5.0 × 10ି଺. Each blue cross corresponds to a single event. The 
number of atoms per system is 2,000. There is a cutoff on the left side in each subplot, because ∆ߪ ∶= ߪ௜ + ߤ∆߳ −
ߪ௜ାଵ, which makes ∆ߪ always greater than ߤ∆߳ (c.f. Equation (4) and the discussions following it). As ∆߳ 
decreases, the cutoff shifts leftwards, "revealing" more small events. The cutoffs here correspond to the 
small-event cutoffs in Figure 10. 10 realizations of the initial sample are used for each system size. 
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(a) ܰ = 2,000 
 ܦ௠௜௡
  
(b) ܰ = 4,000 
  
(c) ܰ = 8,000 
Figure 17: Participation ratios ݌ and ݍ vs. stress drop ∆ߪ in each avalanche event for different system sizes (ܰ). 
Each blue cross corresponds to a single event. The strain increment ∆߳ = 2.0 × 10ିହ. Due to the same reason as 
mentioned in Figure 16, cutoffs are seen at ∆ߪ = ߤ∆߳~10ିଷ. In (a) and (b), a left cluster (Region I) and a right 
cluster (Region II) are identifiable, with a transition between the two clusters occurring at ∆ߪ௖~10
ିଶ. As the 
system size increases, the transition shifts leftward. As a result, the left cluster can be barely seen in (e). But if 
smaller ∆ϵ were used, more of the left cluster would be revealed, just like in Figure 16. 10 realizations of the 
initial sample are used for each system size. 
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(d) ܰ = 16,000 
  
(e) N = 32,000 
Figure 17 (cont.). 
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(a) (b) 
  
(c) (d) 
Figure 18: Original plots of average participation ratios vs. avalanche sizes: (a) 〈݌〉∆ఙ vs. ∆ߪ, (b) 〈ݍ〉∆ఙ vs. ∆ߪ, 
(c) 〈݌〉∆ா  vs. ∆ܧ, and (d) 〈ݍ〉∆ா  vs. ∆ܧ, for systems having 2,000, 4,000, 8,000, 16,000 and 32,000 atoms. ∆ߪ 
is the shear stress drop and ∆ܧ is the energy drop. For (a) and (b), all the events are logarithmically binned 
according to ∆ߪ, and then the participation ratios ݌'s and ݍ's in each bin are averaged to get 〈݌〉∆ఙ 's and 〈ݍ〉∆ఙ 's, 
respectively. The same procedure is followed to get 〈݌〉∆ா 's in (c) and 〈ݍ〉∆ா 's in (d), except that the events are 
binned according to ∆ܧ. The strain increment ∆߳ is 2.0 × 10ିହ for all systems.  
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(a) (b) 
  
(c) (d) 
Figure 19: Scaled plots of average participation ratios vs. avalanche sizes: (a) 〈݌〉∆ఙ vs. ∆ߪ/ܮ
ఈ, (b) 〈ݍ〉∆ఙ/ܮ
ఏ vs. 
∆ߪ/ܮఈ, (c) 〈݌〉∆ா vs. ∆ܧ/ܮ
ఈ, and (d) 〈ݍ〉∆ா/ܮ
ఏ vs. ∆ܧ/ܮఈ, for systems having 2,000, 4,000, 8,000, 16,000 and 
32,000 atoms. Scaling exponents: (a)ߙ = −1; (b)ߙ = −1, ߠ = −1; (c)ߙ = 0.9; and (d)ߙ = 0.9, ߠ = −1. ܮ is 
the side length of the system, ∆ߪ is the shear stress drop and ∆ܧ is the energy drop. For (a) and (b), all the slip 
events are logarithmically binned according to ∆ߪ, and then the participation ratios ݌'s and ݍ's in each bin are 
averaged to get 〈݌〉∆ఙ 's and 〈ݍ〉∆ఙ 's, respectively. The same procedure is followed to get 〈݌〉∆ா 's in (c) and 
〈ݍ〉∆ா 's in (d), except that the events are binned according to ∆ܧ. The strain increment ∆߳ is 2.0 × 10
ିହ for all 
systems.  
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Figure 20: Average participation ratios (a)〈݌〉 and (b)〈ݍ〉 vs. the side length of the system ܮ. The five data points, 
from left to right in both plots, correspond to systems containing 2,000, 4,000, 8,000, 16,000 and 32,000 atoms, 
respectively. 〈݌〉 is the average of the ݌'s of all avalanche events at a given system size, and 〈ݍ〉 is the average 
of the ݍ's of all avalanche events at a given system size. The strain increment ∆߳ is 2.0 × 10ିହ for all systems.  
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Table 2: Slopes in Figure 20 (absolute values are taken). 
 Segment Point 1 to point 2 Point 2 to point 3 Point 3 to point 4 Point 4 to point 5 
Slope in Figure 20(a) 0.5519 0.4800 0.3903 0.1829 
Slope in Figure 20(b) 1.2695 1.1715 1.0689 0.9890 
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CHAPTER 6 CONCLUSIONS 
The thesis reports the study of slip avalanches in amorphous materials using atomistic 
simulations. Special emphasis is placed on the statistics and scaling of micromechanical 
quantities that mark the occurrence of avalanches. Primary results are compared with 
literature to validate the model.  
The method is described in Chapter 2. Using a melt-quench procedure, we are able to get 
amorphous samples, whose amorphicity is proved by pair correlation functions. The prepared 
samples are then deformed in a stepwise fashion, with each step followed by energy 
minimization to approximate an athermal quasi-static deformation. The strain increment at 
each step should be small enough to make quasi-static approximation valid. The effect of 
strain increment is discussed throughout this thesis. In summary, within the range of strain 
increments used in our study, it does not affect the elastic modulus and the yield strain, but it 
alters significantly the exact trajectory along which the system evolves in the plastic regime. 
Reducing the strain increment helps to capture smaller events, but the statistics of avalanches 
in the finite-size-scaling region, which is identified in Chapter 4, is unaffected.  
In Chapter 3, the stress strain behavior of the systems is discussed. A coupling of shear 
strain and normal stress is observed. Both shear stress and normal stresses reach a plateau 
soon after yielding. The effect of system size is also shown. Bigger system sizes reduce the 
magnitude of serrations, but shear modulus, yield strain, and mean steady-state shear stress 
are almost the same for all system sizes studied. The other focus of this chapter is on the 
relationships between macroscopic quantities that mark slip avalanches: potential energy drop 
(∆ܧ), shear stress drop (∆ߪ), and hydrostatic pressure drop (∆ߪ௛). These three quantities 
become proportional to each other asymptotically for increasing avalanche size. But for small 
events, the proportional relationship breaks down. In particular, before ∆ܧ  becomes 
proportional to ∆ߪ, the slope of ∆ܧ vs. ∆ߪ in a log-log plot is greater than 1.  
Chapter 4 focuses on the scaling of the probability distributions of stress drops, ܲ(∆ߪ), 
and the probability distributions of energy drops, ܲ(∆ܧ). Except for very small events, both 
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ܲ(∆ߪ) and ܲ(∆ܧ) follow a power law with an exponential cutoff due to finite size effects. 
The exponent ߬ of the power law is 1.16 ± 0.05 for ܲ(∆ߪ) and about 1 for ܲ(∆ܧ). 
Finite-size scaling leads to descent collapses of the distributions for different system sizes. 
The finite-size-scaling exponent reveals the scaling of the largest avalanche event with 
system size: (∆ܧ)௠௔௫~ܮఈ, with ߙ ≈ 0.9. The value of ߙ is close to those in literature. It is 
also found that the number of avalanche events of a given size scales as ܮఊ, with ߛ ≈ 1.3 if 
the avalanche size is represented by ∆ܧ, and ߛ ≈ 1.0 if the avalanche size is represented by 
∆ߪ. The fact that both ߙ and ߛ are less than the dimension of the system, indicates that 
both scalings are subextensive. In other words, the energy dissipation per unit area in the 
largest avalanches decreases as system size grows; and, at the same time, the probability of 
having avalanche-nucleating sites per unit area also decreases.  
The spatial extent of slip avalanches is discussed in Chapter 4. The spatial distributions 
of non-affine atomic displacement (ݑ) and local rearrangement parameter (ܦ௠௜௡) are plotted 
to identify regions that undergo slips. Quadrupolar displacement distributions are found 
around STZs, reminiscent of the solution to Eshelby's inclusion problem. Such long range 
features are suppressed in the ܦ௠௜௡  fields because ܦ௠௜௡  better rules out local elastic 
deformations. Hence, we consider ܦ௠௜௡  to be a better indicator of local permanent 
deformations brought about by slips. Participation ratios ݌ and ݍ are introduced to measure 
the extent of avalanche events. It is found that every slip avalanche is marked by sudden 
drops of the participation ratios, indicating sudden localization of deformation as slips are 
triggered. Moreover, for events that are in the finite-size-scaling region (and are thus large 
events), a larger event size is generally associated with larger spatial extent, while for small 
events, the correlation between the avalanche size and the spatial extent is much weaker. It is 
likely that for large events that follow finite-size scaling, the spatial extent is dominant in 
determining the avalanche size, but for small events, random effects (e.g. the fluctuation of 
local material properties of the slipped region) come into play. Finally, the effect of system 
size on participation ratios is found to be different for avalanches with different sizes. Large 
events are generally more delocalized than small events. As far as only the largest avalanches 
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are concerned, ݍ~ܮିଵ, implying the subextensive nature of plastic rearrangements.  
In the future work, it will be important to simulate larger systems, to see if the scaling 
properties mentioned above persist. Larger systems will also help to determine scaling 
exponents to a higher precision. In addition, more statistics concerning the spatial extent of 
avalanches can possibly be extracted. Ultimately, 3 dimensional simulations will also be 
interesting for comparison with experiments. 
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